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ABSTRACT

In this paper we study 2-graded polynomial identities. We describe bases
of these identities satisfied by the matrix algebra of order two Ma(K),
by the algebra M1,1(G), and by the algebra G ® k G. Here K is an
arbitrary infinite field of characteristic not 2, G stands for the Grassmann
(or exterior) algebra of an infinite dimensional vector space over K, and
M ,1(G) is the algebra of all 2 x 2 matrices over G whose entries on the
main diagonal are even elements of G, and those on the second diagonal
are odd elements of G. The gradings on these three algebras are supposed
to be the standard ones.

It turns out that the graded identities of these three algebras are closely
related, and furthermore M1,;1(G) and G ® G satisfy the same 2-graded
identities provided that char K = 0. When char K = p > 2, then the
algebra G ® G satisfies some additional 2-graded identities that are not
identities for My 1(G). The methods used in the proofs are based on
appropriate constructions for the corresponding relatively free algebras,
on combinatorial properties of permutations, and on a version of Specht’s
commutator reduction. We hope that this paper is a step towards the
description of the ordinary identities satisfied by the algebras G ® G and
M1,1(G) over an infinite field of positive characteristic. Note that in
characteristic 0 such a description was given in [12} and in [10].
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Introduction

The Zs-graded algebras and the polynomial identities satisfied by such algebras
are an important ingredient in the structure theory of PI algebras; see, for ex-
ample, [10], [1]. It is known that every non-trivial verbally prime T-ideal in the
free associative algebra over a field K, char K = 0, is the ideal of identities in
some of the following algebras. First come the matrix algebras M,,(K) of or-
der n, then the matrix algebras M,,(G) of order n over the Grassmann algebra
G of an infinite dimensional K-vector space. The third type of verbally prime
T-ideals consists of the identities satisfied by the algebras M} ;(G). These al-
gebras are subalgebras of M,(G) for n = k + [, they consist of the matrices of

type (é g) where A € My(Gy), D € Mi(Gy), k > I, and B € My:(G1),

C € Mixr(G1). Here we consider Gy as the subalgebra of G generated by all
elements having even length, and G the subspace of G spanned by the elements
of odd length, G = Go®G1. By length of an element g of G we mean the number
tif g = e; e, - €;, where i) <ip < --- < i, and {e; | ¢ € N} are a K-basis for
the underlying vector space, with multiplication e;e; = —eje;, i # j, and e = 0.
Even in characteristic 0 little is known about the concrete polynomial identities
satisfied by these algebras except for the ones satisfied by G, M3(K), and G® G
and M ;(G). The picture becomes even more unclear when char K =p > 0. In
the latter case a basis of the identities for the algebra G is known ([4], and if
unavailable, see for a brief survey [8]). Recently, a finite basis of the identities of
M,(K) was described when char K = p > 2 and K is infinite ([11]).

Hence one is led to study other types of polynomial identities such as weak
identities, identities with trace, graded and/or with involution etc. Thus, for
example, the trace identities of the algebras M, (K) and of My, over a field of
characteristic 0 were described by Razmyslov and by Procesi; see [14], [13]. The 2-
graded identities of the algebras M>(K) and M; 1(G) over a field of characteristic
0 were described in [5], and the n-graded identities of M, (K) in [18]. Let us
mention that the information about the graded identities in My(K) obtained by
0. M. Di Vincenzo in [5] allowed him to give a new proof of the “standard” fact
that the algebras G®G and M ;(G) satisfy the same polynomial identities when
the base field is of characteristic 0. (Note that otherwise this fact follows from
Kemer’s classification, see [10].) The interest in the study of 2-graded identities
in algebras over a field of characteristic 0 is justified by the relationship between
the graded and ordinary polynomial identities which is one of the key components
in the structure theory of T-ideals developed by A. Kemer ([10], Theorem 1.1, [1],
Theorem 7). This relationship is the following. If A is an (associative) algebra
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over a field of characteristic 0, then it satisfies the same identities as the algebra
By ® Gg ® B1 ® Gy does where B = By @ B is a finitely generated 2-graded
algebra and G = Gy ® G is the Grassmann algebra with its natural grading.

Although in positive characteristic there does not exist such a theorem, the
graded identities are still of interest; see, for example, [2, 3].

In this paper we determine bases of the 2-graded polynomial identities sat-
isfied by the algebras M2(K), M7 1(G) and G ® G, over an infinite field K of
characteristic p # 2. Furthermore, we show that the last two algebras satisfy the
same 2-graded identities when char K = 0, and when char K = p > 2 the latter
algebra satisfies some more 2-graded identities. In order to obtain these results
we construct appropriate models for the respective relatively free (2-graded) al-
gebras. The description of the 2-graded identities satisfied by Mz(K) uses some
ideas from [5]. Furthermore, we make use of various combinatorial techniques
and of certain graded variant of the Specht’s reduction to commutator polyno-
mial identities. The bases for the 2-graded identities of the algebras M>(K) and
of M1,1(G) are exactly the same as in the case of characteristic 0. (Note that the
bases of the ordinary identities satisfied by the algebras M; ;(G) and G ® G over
infinite fields of characteristic p > 2 are still unknown.)

The paper is organized as follows. The next section contains mainly definitions
and preliminary information needed to follow the exposition. Section 2 deals with
the 2-graded identities of the algebra Ms(K). We prove that the graded identities
of M>(K) follow from two identities, namely from y1y2 —y2y1 and 232923 — 232221
for y; even and z; odd variables. In Section 3 we describe the 2-graded identities
satisfied by M; 1(G), and finally in Section 4 we study these of G ® G. It turns
out that the graded identities of M; ;(G) are consequences of y1y2 — y2y1 and of
212223 + 232221. These of G ® G follow from y1y2 — yay1, 212223 + 232221, and if
char K = p > 2 one adds the identity y7z; — z13%. Note that the last identity is
not satisfied by M ;1(G).

We hope that this paper will be a step towards the description of the ordinary
identities satisfied by the algebras M; ;(G) and G ® G over fields of positive
characteristic, and thus will contribute to better understanding of the structure
of the T-ideals over such fields.

1. Preliminaries

Throughout, we consider unitary associative algebras over a fixed infinite field K
of characteristic p # 2; all tensor products are over K (and hence we shall omit
the subscript for the tensor products). Let Y = {y1,ys,...} and Z = {2, 2o, ...}
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be two disjoint sets of symbols and X = Y U Z. Denote by K(X) the free
associative algebra that is freely generated over K by the set X. An algebra A
is called 2-graded (or superalgebra) if A = Ao ® A; where Ay is a subalgebra of
A and A; a subspace, and furthermore, A;A4; C A;;; where we sum the indices
modulo 2. Let G be the Grassmann (or exterior) algebra of a vector space V
with a basis e;, ez, .... Then G is spanned by 1 and by the products e;, e;, - - - €;,
where i1 < ip < -+ < ig, k = 1,2,..., and the multiplication in G is induced
by e;e; = —eje; when i # j, and e2 = 0. Hence G = Gy & Gy, where Gy is
the subspace of G spanned by all monomials in the e;’s of even length, and G,
is the subspace spanned by all elements of odd length. Therefore G becomes a
2-graded algebra, and Gq is the centre of G. Obviously one has ab = —ba for
all a, b € G;. One may introduce various gradings on an algebra. We fix the
following gradings on M (K), M1 1(G) and on G® G, and we shall refer to them
as to the standard gradings (or simply gradings).
These are the following:

Mz(K) = Ay @ 41, A0={(g 2)}, A1={((C) 8)}7

fora, b, c,de K;

0 0 b
M;11(G) = By & Bx, BOZ{(S d)}’ Bl:{(c 0)}’
for a, d € Go, b, c € Gy;
G®G=(Go®Go®G1®G1)®(Go®G1®G1®Gy).

Let f be a monomial in the free algebra K(X). We say that f is even if it
contains an even number of entries from Z, i.e., if its degree with respect to
the symbols in Z is even. Otherwise f is called odd. The span of all even
(odd) monomials is denoted by K(X)o (respectively by K(X)i). Therefore
K(X) = K(X)o ® K(X), becomes a 2-graded algebra. It is the free 2-graded
algebra, and its elements will be called polynomials. If A = Ay @ A, is 2-graded
algebra and f(y1,...,Ym,21,..-,2,) € K(X), then f is graded identity for A if
flay, .. @m,by,...,by) = 0 for all a; € Ay, b; € A;.

The set To(A) of all graded identities of A is an ideal of K(X). It is called
the Ty-ideal of A. It can be easily verified that T5(A) is closed under 2-graded
endomorphisms of A (i.e., under endomorphisms that preserve the even and the
odd parts of A). If ¢ € K(X) we shall say that g is Th-consequence of f (or
that g follows from f as graded identity) if g belongs to the T-ideal generated
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in K(X) by f. Here and in what follows, T»-ideal means the ideal of 2-graded
identities satisfied by some 2-graded algebra.

The field K is infinite. Hence every polynomial f € K(X) is equivalent
as graded identity to a finite collection of multihomogeneous graded identities.
Therefore we may and shall consider multihomogeneous polynomials only.

For a, b € K(X) we denote as [a, b] = ab — ba the commutator of a and b. The
higher commutators are assumed left normed, i.e., we define them inductively by

[a11-~'7an—17an] = [[ah""an—l]’an], n23-

Denote as B(X) the subalgebra of K(X) generated by all commutators
[Ti) s Tigy oo @i ), =2, 3, .... It is well known that if T is a T-ideal in K(X)
(i.e., T is the ideal of identities of some unitary algebra, or equivalently, T is
stable under all endomorphisms of the algebra K (X)), then T is generated as
T-ideal by its elements from B(X). In other words T = (T'n B(X))T. This fact
was first observed by W. Specht [17]. Though in [17] this result was proved for
multilinear polynomials and, formally speaking, in characteristic 0 only, the same
method of proof yields the result in every characteristic provided the field is infi-
nite; see, for example, 7], pp. 42-43, Proposition 4.3.3. We need a modification
of this statement in the case of graded identities.

LEMMA 1: If f(y1,-. s Um, 215 .-+, 2n) € K(X) is a multihomogeneous polyno-
mial, then it is equivalent as graded identity to a finite collection of graded
identities such that the even variables y1, ..., Y., appear in any one of them in
commutators only.

Proof: The proof repeats verbatim that of [7], Proposition 4.3.3. Note that one
can substitute z; + 1 for x; only in the cases z; € Y since 1 € K(X) belongs to
K(X)o.

We denote as By = By(X) the set of the polynomials f in K{X) such that
every even variable y; is in commutators in the expansion of f.

COROLLARY 2: Let T be Tp-ideal in K(X). Then T is generated as Tp-ideal by
the set T N B,.

2. The graded identities of M3(K)

In this section we describe the ideal of the graded identities satisfied by the
algebra My(K) with respect to the standard grading. Our method is similar to
that of [5].
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Let Gen(M»(K)) be the generic matrix algebra of order 2 generated by some

countable set of matrices
RCY ()
Ai = ( 13 24)> .
555 ) z;
(5

Here z;”/, 4 > 1, 1 < j < 4 are commuting variables. It is well known that
Gen(Mz(K)) is isomorphic to the relatively free algebra in the variety of algebras
determined by the matrix algebra of order two.

Denote by F(M2(K)) the subalgebra of MQ(K[yﬁ"),z?) |+ > 1,7 = 1,2])
generated by the matrices

™ &)
A,-:(yi ?2)), Bi:< ?2) % )
0y 2, 0

where K [yz(] ), zz(j ) | 4> 1,7 = 1,2] is the polynomial algebra generated by the

variables yi(j ), zz(j ). The algebra F(M2(K)) possesses 2-grading in a natural

manner. Namely its matrices of the type form the even part, while

*

0

those of the type (2 3) form the odd part.
Denote by Ty (Mz) = T2(M2(K)) the ideal of the graded identities for M, (K).

LEMMA 3: The relatively free 2-graded algebra K(X)/T2(Ma) is isomorphic to
the algebra F(My(K)).

Proof: The proof is analogous to that for the generic matrices. Denote by ey,
€12, €21, €92 the usual basis of the vector space My(K); then ;€5 = §;e4, where
djk =0ifj #kanddjj=1. PutY; = y§1)611+y§2)622 and Z; = Z§1)€12+Z§2)621.
Then define a homomorphism ®: K (X) — F(M3(K)) by ®(y;) =Y; and ®(2;) =
Z;. An easy calculation shows that ker & = T5(M,(K)) and ® is an isomorphism,
as required.

Thus we shall work in the 2-graded algebra F(M2(K)) instead of
K(X)/T2(Ms). The following lemma is a well-known fact (and easy to deduce

as well).
LEMMA 4: The graded identities y1ys — yoy1 and 212023 — 232221 belong to the

T2 -ideal T2 (Mg) .

PROPOSITION 5: (a) If g € K(X)o then y;g — gy; € To(M2(K)) and this graded
identity follows from the two identities of the previous lemma;
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(b) The relatively free 2-graded algebra K(X)/T2(M>) is spanned over K by
1 and by the following monomials:

YayYas * " " Yay»
Yar1Yas ' yak Zer Yb Yby 0 ybm
ya1 Z/az e yak ch zd1 ng de T zcm zdm )

ya1 yaz te yak zcl yb1 ybz Tt ybl Zd] ng zdg te sz de -

Here ay < ap < -+» < ag, by < by <-- < b, <ep <00 < ¢y and
di <dyg < <dp, k>0,1>0, m>0. In the second type of monomials
k+1 > 1; in the fourth, if k = | = 0 its degree is > 2, and the “hat” over a
variable means that it can be missing.

{(c) The monomials of (b) are linearly independent modulo the Ty-ideal To(Ms).

Proof:  The proof uses ideas from [5], Lemma 2. The statement of (a) is evident
since g is an even element and it commutes with y; modulo the graded identities
of Ma(K).

(b) Using (a), one obtains that every monomial from K (X)/T2(M>) is a linear
combination of monomials of the form

hl(y)zle:h2(y)zezze3 ctc Ze,

where hi(y) and hs(y) are monomials in the y;’s. Due to the identity y1y2 — yoy1,
we may suppose that the indices of the variables in h1(y) and in ho(y) increase
(with possible repetitions). Now the identity z12923 — 232221 yields the rest of
the statement. Note that if e; > e3 in a monomial, then we use the fact that
Zey (h2(Y) ey ) Zeg — ey (ho(y)zey )26, Delongs to To(M,).

(c¢) In order to prove the linear independency of the above monomials, it is
sufficient to prove it for every set of multihomogeneous monomials (of the same
multidegree). It is convenient to make the calculations in the “generic” 2-graded
algebra. Set y; = A;, z; = B; where A; and B, are the matrices introduced at
the beginning of this section. Then

Ag Ag, -+ Ag, = y((li) (1), 1)611 + Dyl y((li)e22

az a1 yU«2

and that shows the independency of the monomials of the first type. Analogously
one obtains

Ay - Ay Be Ap, ... Ay =y .y 2Dy )_.ym)612

Yo, % 01 by by

+ y((l ) y(lk C1) C1 N 1)621
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Thus one can “reconstruct” uniquely the monomial by the above expression.
Therefore if a multihomogeneous polynomial in these monomials equals 0 in the
relatively free 2-graded algebra K (X)/T>(Ms), all of its coefficients must be zero.

Finally, we consider the monomials of the last type. Choose a monomial of
such type that belongs to K(X)p. In other words, there is an even number of z;’s
in the expansion of the monomial. In analogy with the above case, one evaluates
the monomial

M = ya1 yaz o yak zcl ybl yb2 e ybl Zdl zCz Zdz ot zcm de
on the matrices A; and B;, and one obtains the expression

yD -y D2y -y DD A0 A len

FD Y DADD -y Dol e

One reconstructs uniquely from this expression the monomial M. Suppose that
a multihomogeneous polynomial whose monomials have the same multidegree as
the one of M, equals 0 in the relatively free algebra K(X)/T3(Mz). Then one
obtains a linear combination of matrices of the above type, and this is possible
only if all its coefficients equal 0.

The remaining case when M € K(X); is dealt with in the same manner, and
thus the proof of the proposition is complete.

COROLLARY 6 (cf. [5], Lemma 2): Let K be an infinite field, char K = p #
2. Then the 2-graded identities of the algebra My(K) are consequences of the
identities Y1Y2 — Y2y and 212923 — Z3R221-

Proof: The statement follows from (b) and (c) of the above proposition.

Remark: It is worth mentioning that the 2-graded identities satisfied by the
matrix algebra of order two over an infinite field K, char K # 2, are not very
“Interesting” since a basis of the ordinary identities satisfied by this algebra is
known; see [11].

3. The graded identities of M, ;(G)

In this section we treat the 2-graded identities for the algebra My = M; 1(G)
in a manner similar to that of the previous section. We construct a model of the
corresponding relatively free graded algebra.

We recall the definition of the free supercommutative algebra; see, for example,
[2], Section 2. Let Y and Z be two disjoint infinite sets of variables, X =Y U Z,
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and consider the usual grading on K(X) assuming the variables in Y even and
those in Z odd. Then K(X) = K(X)o & K(X);. Given f € K(X);, g €
K(X); we impose the relations fg— (—1)”gf = 0 and denote the corresponding
quotient algebra by K(Y;Z). Thus K(Y;Z) = K[Y] ® G(Z) where K[Y] is
the ordinary polynomial commutative algebra generated by Y, and G(Z) is the
Grassmann algebra of the K-span of the set Z. The algebra K(Y; Z) is the free
supercommutative algebra, see (2], Lemma 1.
Now consider the sets

Y={4Di>1,j=1,2} and Z={9|i>1,j=1,2}

as generating sets for the free supercommutative algebra. Form the matrices

W 0o 2z
z':(yl (2)), Bi:< @ ), i=1,2,...
0y 2 0

and consider the subalgebra Gen(Mj 1) of M2(K(Y'; Z)) generated by these ma-
trices. It has a natural 2-grading defined as follows. The even component consists
of all matrices of the type fi1e11+ f22€22 while the odd consists of fise12+ fa1€91,
fij € K(Y;Z). Note that according to the rules of multiplication one has f11,
Jo2 € K(Y;Z)p and fra, for € K(Y; Z);.

It follows from [2], Theorem 2, that the K-algebra generated by the matrices
C; = A; + B; is canonically isomorphic to the relatively free algebra of countable
rank in the variety of algebras determined by Mi,;. A similar reasoning yields
the following lemma. Its proof repeats verbatim that of the corresponding result
for M»(K) from the previous section.

LeMMA 7: The 2-graded algebra Gen(M, ;) is isomorphic to the relatively free
algebra of countable rank F5(Mj 1) in the variety of 2-graded algebras determined
by Ml ,1-

PROPOSITION 8: Let I be the Tp-ideal of the 2-graded identities for M, 1. Then:
(a) The polynomials y1y2 — yay1, 212223 + 232221 € K(X) belong to I;
(b) Consider the canonical projection K{(X) — K(X)/J where J is the ideal
of 2-graded identities generated by y1y2 — yoy1 and z12923 + 232021. Identify the
variables y; and z; with their images under this projection. Then the monomials

ya1 ya2 e yaka
YarYas """ YarZei Yo Yby * " Yby»
Yar1Yay " YarZciRdy Rea?ds * " " Zem Rdm s

Yar1Yaz """ Yar Zer Yoy Yby = " Yby 2dy Zca2dy " " 2o Bdm
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span K(X)/J. Here ay < az < -+ <ag, by <bg <---<b,c1 < <+ <y
andd) <dy < -+ <dp, k>0,1>0,m>0. In the second type of monomials
k+1 > 1; in the fourth, if k = | = 0 its degree is > 2, and the “hat” over a
variable means that it can be missing.

{c) The monomials from (b) are linearly independent modulo the 2-graded
identities of the algebra M; ;.

Proof:  Part (a) of the proposition is proved by direct calculation, analogously
to the case of M3(K). Observe that Gy is the centre of G, hence y1y2 — y291 is
indeed 2-graded identity for M; ;. For the second identity one uses the fact that
919293 + g3gag1 = 0 for every g1, g2, g3 € G1.

(b) We proceed in the same manner as in Proposition 5 (b), and in order not
to be {too) boring we omit the details. Notice only that we allow repeated entries
neither in the sequence ¢; nor in d;.

(c) The proof repeats verbatim that of Proposition 5 (¢) with the only difference
that we work in the algebra Gen(M 1) instead of the generic matrix algebra.

The following theorem was proved in [5], Theorem 1, in the case char K = 0.

THEOREM 9: Let K be an infinite field, char K # 2. Then the 2-graded identities
of the algebra My 1(G) follow from the two identities y1ys — ya2y1 and zi12923 +
Z3R2271-

Proof: 1t is an immediate consequence of Proposition 8.

Remarks: 1. If f € K(X) is multihomogeneous and not an identity of Mj 1,
and if the variable z; occurs in the monomials of f, then deg, f < 2. For if one
has three letters z; in a monomial, at least two of them will be in one of the
sequences ¢; or d;. But due to the identity 2129235 + 232227 = 0 such monomials
vanish.

2. In [5] the above theorem was proved using properties of the involution
* defined on the space of multilinear polynomials; see [10], pp. 17, 18 for the
precise definition. Since our field may be of positive characteristic, the multilinear
elements of a Ty-ideal might not determine the Tz-ideal. In [5] the corresponding
result is a direct consequence of the properties of the involution % and of the
description of the basis for the 2-graded identities of M5(K). This holds, since
if we decompose M3(K) = Ay @ Ay according to the standard grading then
Mi1=2 490G ® A QG

3. Note that the polynomial [y?, z] does not vanish on M 1(G) considered as
2-graded identity. (Here, y is an even variable, z is an odd one, and p = char K.)
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Choose, for instance, y = eq1 + 2e32, z = geio + gea1 where e;; are the matrices
from the standard basis of M,(K), and g # 0 is an arbitrary element of G;.
Then y? = ey, + 2Peq and, since 2P # 1 in K, we have [y?, 2] = ¢{(1 — 2P)e1p +
(27 — 1)eoy) # 0.

Now we observe that we can choose another model for the algebra Gen(M; ;).
Let aﬁo), b§°) be commuting variables and a( ) b( ) be anticommuting ones, and
form the free supercommutative algebra K(a EJ ,bij ) li=1,2,...,5 =0,1) that
is freely generated by them. Consider the matrices of the form

@1 0 (1 0 _ (01 w0 0
Ci=o (0 1)“’1’ (0 1) Pe=atlo o) P10

and generate an algebra L by 1 and them, assuming that C; are even, and D;
are odd elements. Then L is 2-graded algebra.

LEMMA 10: The algebra L is isomorphic to Gen(Mq ;).

Proof: Let ¢: Gen(M; ;) — L be the homomorphism defined by ¢(A;) = C;,
¢(B;) = D;; then it is obviously 2-graded isomorphism.

It is immediate that the matrices a< )(eu + e92) commute with these of L.
Denote as Bo(L) the subalgebra of L that is generated by 1 and by all elements
of L such that every even “variable” appears in them in commutators only. Since

the matrices a( )(en + eq9) are central, they will disappear from the polynomials
in BQ(L)

. o1 0 0 Y .
LEMMA 11: The matrices E; = bg ) (0 _1), D, = (dgl) ZO satisfy the

following relations:

EiE; are central, E;E; = E;E;,
E;D; = -D;E;, D?D;=-D,D2.
Proof: 1t consists of direct (and easy) verification.

Now let By(Mj 1) be the subalgebra of Gen(Mj 1) generated by 1 = ey + eg2
and by the polynomials such that every even variable appears in commutators
only. In other words, By(Mi 1) = Bo(X)/(To(My,1) N B2(X)). Then By(Mi 1) is
canonically isomorphic to By(L), and we shall identify By(M;,1) and Ba(L).

PRrOPOSITION 12 (cf. [6], Lemmas 2.2 and 2.3): If f € By(L) is a multihomo-
geneous polynomial, then f is a linear combination of elements of the form

EzlEgZ"'EikDf'lD?z"'D?IQ(anDnzv”'anm)
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where iy < iy < --- < ig, {j1,J2,..-,J1} and {n1,na,...,ny} are disjoint sets,
J1 < j2 <--- < Ji, and the polynomial g is multilinear.

Proof: First, since e = e;; + egz is central, there will be no matrices of type

aEO) ((1) (1)> in the expansion of f. Then one uses the preceding lemma and

obtains that
f= Eg’Ez?“; ---E;Z"h(Dl,Dz,...,Dt)

where h is a multihomogeneous polynomial. If the degree of & in some D; were
larger than 2, then h would be 2-graded identity for M; ;; see the Remark above.
Hence we may suppose that the degree of h in any one of its variables is < 2.

Now write h as a sum of monomials, and split every of these monomials in
two ascending sequences as was done before, in Proposition 8. If there were two
equal D;’s in one of the sequences in a monomial, then this monomial would
vanish due to 212227 = 0. Therefore, if D; appears twice in the monomial, then
it must participate once in both sequences. But this means that we can write, up
to sign, the monomial as ---D?--.. Then we use the fact that D?D; = —D; D?
in order to take D? to the beginning of the monomial. Finally, observe that
D?D? = D3D? for every i and j.

4. The graded identities of G @ G

We consider the tensor square of the Grassmann algebra G together with its
natural 2-grading defined as G®G = (Go @G G10G1) B (Go®G1 D G1®Gy).
Denote by I the ideal of 2-graded identities satisfied by G®G. First we construct
a model for the relatively free 2-graded algebra in the variety of 2-graded algebras
defined by G ® G.

Let a§°), b§°’ , cgo), d§°’ be commuting variables and al(l), bgl), cz(l), dz(-l) be
anticommuting ones, ¢ = 1, 2, .... We consider the free supercommutative
algebra K(Y; Z) freely generated by the sets ¥ = {aﬁ"’, b§°), c§°), d§°)} and Z =
{az(-l), bgl), cz(-l), dgl)} of even, respectively odd, variables. Set F' the subalgebra of
K(Y;Z)® K(Y; Z) generated by all elements of the form

Yi=a0b” +a’ @b, zi=c"@d" +P d.

Then F = Fy & F} is 2-graded algebra and the grading on it is the natural one,
i.e., we consider Y; as even and Z; as odd variables.
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LEMMA 13: The 2-graded algebra F' is isomorphic (as 2-graded algebra) to
the relatively free algebra of countable rank K(X)/I in the variety of 2-graded
algebras defined by G @ G.

Proof: The proof is rather straightforward. The homomorphism K(X) — F
defined by y; — Y; and z; — Z; is surjective, and its kernel is equal to [, hence
it is an isomorphism.

Now we need some elementary properties of the algebra G ® G. It is easy to
see that its centre equals Go ® Gg.

LEMMA 14: The polynomials y1y2 — y2y1, 212223 + 232221 are graded identities
for GQ G. If char K = p > 2 then the polynomial y¥z1 — z1y% is also a graded
identity for G ® G.

Proof: The first polynomial is a 2-graded identity of GRG since Go@GoDGE1 QG
is commutative algebra. The second polynomial is also a graded identity for GRG
as direct calculation shows.

For the third, let a € Go @ Gy ® G ® G1; then a = Y (e; ® fi + gi ® h;) where
€;, f,' S Go, gi, h; € G1. Therefore

a”zZ(ef@ff—Fgf@hf):Zef(@ff,

since g¥ = hY = 0 and the mixed terms vanish due to the binomial coefficients
that are divisible by p. The element > e ® fP is central in G ® G, and this
completes the proof.

Remark: Observe that according to the previous section, the last graded identity
is not satisfied by the algebra M; 1(G). Hence it is not a consequence of the first
two identities of the lemma.

We shall need the following relations satisfied by G ® G. Their deduction is
straightforward; one can find it in [6], Lemma 2.2.
LEMMA 15: The following equalities hold in the algebra G ® G:

1. 21221 = 0, z1uz1vzy =0, 2222 = 2222 2225 = — 2522,

2. tiuty = tquty = 0, 2t = —iz,
for every t, 1,12 € G1®G1, 2, 21, 22 € Gy ®G1 B G1 ® Gy, u, v € GRG.

Observe that the graded identities of item (1} of the above lemma are con-
sequences of the identities y 92 — yoy1 and 212923 + 23292;. This actually was
proved in the previous section, since we established that they hold in the algebra
My .

)
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We already deduced that To(M; 1) C T2(G © G). Therefore the relatively free
2-graded algebra F is a homomorphic image of Gen(M; 1) and of L. Hence we
have the following lemma.

LeMMA 16: The algebra By(F) = B2(X)/(Ba(X) N 1I) is a homomorphic image
of By(L) (and of By(Gen(M;,1)) as well).

Proof:  For the proof observe that Tp(M;1) C T2(G ® G) = I, therefore
By(X)/(B2(X)NI) is a homomorphic image of By(X)/(Ba(X) N To(Mi1)).

LEMMA 17: Let g;(z1,29,-..,2,) be multilinear polynomials that are linearly
independent modulo the Ty-ideal To(M;,1). Then the polynomials

i1, 8o ik 2 2 2
Y'Y Y Zni1Znga  ZngrGi(21, 22,y 20)

are linearly independent modulo the Ty-ideal To(M; 1).

Proof: Set y1 = Ey+Ea+ -+ E;, ..., yv = Epy1 + oot By, for t =
14+ ik—1, Znt1 = Dn+1 + Dny2s -y Znar = Dnyar—1 + Dpyo,. This gives
a non-zero factor, and then one applies the independence of g;.

In order to proceed we need some combinatorics. Let (iq,4a,...,%,) be a per-
mutation of the symbols {1,2,...,n}, and assume that

{1,2,...,n}=AUB, ANB=0.

One can consider colouring of these symbols in the colours A and B, which is the
motivation for the terminology used. Then a pair (i4,13), 1 < o, 8 < n, forms a
coloured inversion (with respect to the partition A, B) if 1 <a < < n, iy > ig
and either a, 8 € A, or a, 8 € B. If ¢ is the number of all coloured inversions in
(1,92, .-, 1n), then (—1)7 is the coloured sign of this permutation with respect
to the partition A, B. We shall consider the partitions A, B of {1,2,...,n} as
unordered pairs, i.e., we shall not distinguish (A, B) from (B, A). Then there
are exactly 2"~! partitions of {1,2,...,n} including the trivial one. Obviously
the coloured sign of the main (or trivial) permutation (1,2,...,n) equals 1 for
all partitions, since it does not contain (ordinary) inversions at all.

PROPOSITION 18: Let ¢ = (iy,42,...,4,) be a fixed permutation of (1,2,...,n).
Then the coloured sign of i equals either 1 for all partitions, or —1 for all parti-
tions, or else 1 for 2*~? partitions and —1 for the remaining 2"~2 partitions.

Proof: The proof is an elementary combinatorial reasoning. It is easy to show
that the transpositions (f,f + 2) change the coloured sign of every permuta-
tion, for every partition (A, B). In order to prove this fact, one considers all
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four possibilities for three consecutive symbols in the permutation: all belonging
to A, i.e., aiagag; or two to A and one to B, i.e., aiasb, ajbas, bajas. Here
ay, a0 € A, b€ B.

Using the above observation it is sufficient to prove the proposition only for
permutations ¢ such that 47 < iz < ---and iy <ig <---.

We induct on n, n = 1 and 2 being obvious. For n = 3, we give a table with
the coloured signs of all permutations of {1, 2,3} below. In particular, it shows
that the statement is true for n = 3.

Permutations

[ J123]132]231]213]312]321]

120 + | - |+ — | + | —
Partitions | 12:3 [ + + — — + _
1320 + | + | - | 4+ | = | -
21| + | - | + | + | - —

Suppose n > 3 and that the assertion has been proved for all m < n. Let
i = {%1,42,...,%n) and set i’ = (41,42,...,%,_1) the permutation of n — 1 symbols
{1,2,...,n}~{i,} obtained from 7 by deleting its last entry. Then the statement
of the proposition holds for i’ due to the induction. Note that either 4,, = n or
in—1 = m, since 41 < 43 < --- and i3 < 74 < ---. Now we consider two cases for
1n—1 and i,.

Casg 1: Assume 4,1 < i,, hence 3, = n. If (4,B) is a partition of
{1,2,...,n} ~{i,} we form two partitions of {1,2,...,n}. These are (AU{i,}, B)
and (A, BU {i,}). The coloured signs of ¢ with respect to these two partitions
will be the same as the coloured sign of i’ with respect to (4, B).

CASE 2:  Let i,_1 > iy, then 4,1 = n. Hence 4,,_; forms inversion with i,, only.
Set 7" = (i1,%3,...,in—2,in). Then our statement holds for . Let (C, D) be a
partition of {1,2,...,n — 1} and let € be the coloured sign of i with respect to
(C, D). Then we form the partitions (CU{n}, D) and (C, DU{n}) of {1,2,...,n}.
In one of them i,_; = n and i, belong to different sets of the partition, hence
the coloured sign of ¢ with respect to this partition will be e. Analogously, in the
other partition 7,1 = n and i, are in the same set, and since they do form an
inversion, this yields coloured sign —e.
Now both cases are dealt with, and the proof of the proposition is complete.

COROLLARY 19: The coloured sign of ¢ = (n,n —1,...,2,1) equals 1 for all
partitions when n = 1 (mod 4) and —1 when n = 3 (mod 4). If n is even,
then the coloured sign of o equals 1 for 2"~2 partitions and —1 for the rest.
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Proof: Suppose {1,2,...,n} = AUB, |A| =a, |B| =b, a+ b =n. Then there
will be ¢ = a(a — 1)/2 + b(b — 1)/2 coloured inversions in o. One has that

g=(a®>+bv—a—-b)/2=(n?>-n)/2—ab=n(n—1)/2 - ab.

If n is odd then one of a and b is even, and this yields the statement for n =1
and 3 (mod 4).

If n = 2m is even, using that }°7_,(~1)7(7) = 0 we obtain the equality

T (=17 (7) + (1/2)(=1)™(}) = 0. (Note that in the last case (2) = (37) is
always even.)
PROPOSITION 20: Let 4 = (i1,%2,...,%) be a permutation of the symbols
(1,2,...,n) and suppose i; < i3 < ---and iz <iq4 < ---. Ifi # (1,2,...,n), then
the coloured sign of i equals 1 for 2*~2 partitions and —1 for the remaining 2" 2
partitions of {1,2,...,n}.

Proof: Tt follows from the proof of Proposition 18. We induct on n. In the first
case considered there, due to the inductive assumption and to ¢ # (1,2,...,n)
we obtain 272 times coloured sign 1, and 2”2 times coloured sign —1. The
same holds for the second case.

Remark: Note that, in fact, in the previous statements we gave a combinatorial
description of the Meson algebras; see, for example, [9], pp. 115 and 264-272. Of
course, our goal was not the description of these algebras but it came “for free.”

COROLLARY 21: The multilinear monomials
Mij = Ziy %51 22253 * " " Zigy Zjim

where 41 < iy < -+« <'ipm, J1 < J2 < -+ < Jm-1 < Jm, are linearly independent
modulo the graded identities of the algebra G ® GG. Here, if the degree of the
monomial is odd, z;,, is missing.

Proof: Suppose on the contrary that they are linearly dependent, and that
Y aijmi; = 0. Then the latter will be a graded identity for G ® G. Due to the
homogeneity we can suppose that all m;; are monomials in 23, 23, ..., 2x. Sup-
pose that z129 - - 2;.-12; participates in such a linear combination with nonzero
coefficient . We choose a partition AU B of the set {1,2,...,k — 1,k} and let
2~ e; @ 1 whenever ¢ € 4, z; = 1®e¢;, j € B. The evaluation of the combina-
tion will be 0. Sum up the evaluations for all partitions A and B. The elements of
G'1 ® Gy anticommute, and the same holds for Gy ® G';. The elements of Gy ® G
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commute with those of G; ® Go. Thus one applies the proposition above and
obtains that 2"a = 0 for some positive integer h. This is a contradiction since
char K # 2.

COROLLARY 22: Let f(y1,...,Yms21,-.-,%n) € Ba(My,1) = Ba(L) be a graded
polynomial. (Here we use the letters y; for E; and z; for D;; see the definition of
L in the previous section.) Then modulo the ideal I of the graded identities of
G ® G it equals a polynomial of the form

m 2 2 2
yi’lyg? T y’?r‘t Zilzig e zikgj(zjl 3 sz’ M z]l)
where {i1,%2,..., ik} N{j1,J2,.. ., Ji} =0, 41 < i3 < --- < 'ig, and the polynomial
g; is multilinear. If char K = p > 0, we impose further o; <p,i=1, ..., m.
Furthermore, if the multilinear polynomials g; are linearly independent modulo
1, then the above polynomials are linearly independent as well.

Proof:  The proof is the same as that for Bo(M; 1). Note that if a € G1 ® Gy,
then a? = 0.

THEOREM 23: The ideal of the 2-graded identities of the algebra G ® G is gen-
erated by the polynomials y1y2 — Y2y1, 212223 + 232221, and if char K = p > 2,
by yiz1 — 2104

Proof: We already established that these polynomials are indeed graded identi-
ties for G ® G. Since the first two of them form a basis for the graded identities
of My 1, we can work in the relatively free algebra determined by them, i.e., in
Gen(Mi,1). As we showed, it is sufficient to consider only the polynomials such
that the even variables appear in them in commutators only. But in this case
the last corollary yields the statement of the theorem.

As a corollary of the last theorem we obtain another proof of the coincidence
of the T-ideals of the algebras Mi; and G ® G over a field of characteristic 0.
We note that this is a “standard” fact. Its known proofs use either the structure
theory of T-ideals (see [10], p. 24) or the description of the basis of T(G ® G)
given by Popov, [12] (see [5], Theorem 2), or other deep methods and results (see
[15], Theorem 4.7). The proof we give is elementary.

COROLLARY 24: Let char K = 0. Then the algebras My, and G ® G are PI
equivalent. In other words, T(My1) = T(G ® G).

Proof: Let A and B be two 2-graded algebras over a field K, A = Ag® Ay and
B = By @ Bj being the decompositions of A and B into even and odd parts.



174 P. KOSHLUKOV AND S. S. DE AZEVEDO Isr. J. Math.

If A and B satisfy the same 2-graded polynomial identities, then obviously they
satisfy the same ordinary identities. As we showed in the case of characteristic
0, the 2-graded identities of M;; and of G ® G follow from the identities

y1y2 — Y2y1 =0, 212223 + 232221-

Therefore the algebras Mi; and G ® G satisfy the same ordinary polynomial
identities when char K = 0.

OPEN PROBLEMS.

1. Determine the ordinary identities satisfied by the algebras M; ; and G®G
over an infinite field of characteristic p > 2. Or (weaker): determine the
difference between the T-ideals of these two algebras.

2. Probably the determination of the weak identities for the algebra Mj i
would help in finding a basis of the identities for this algebra. (Recall that
f € K(X) is weak identity for My ; if it vanishes under substitutions of ma-
trices fi(e1; +eap)+gse12+hieq1 where f; € G and g;, h; € G1. Sometimes
these are called matrices with supertrace zero.) It seems plausible that the
weak identities of M ;1 follow from the weak identities [z, 22, 23] = 0 and
[x1, 2][T1, z3][T1, Z4] = 0, at least if char K # 2 or 3. O. M. Di Vincenzo
and R. La Scala [19] communicated to us that this is true if char K = 0.

3. Another interesting problem related to the algebras considered in this paper
seems to be the following. Describe the possible 2-gradings of the algebras
M,, M1, G ® G in terms of the polynomial identities they satisfy. Note
that this could help in resolving the problem of coincidence of T'(My;) and
T(G ® G) in positive characteristic.

4. What further information about the identities (ordinary and 2-graded) of
M1 and G ® G can be deduced? In this direction, what information can
the codimension sequences and, more important, the Hilbert series of the
corresponding relatively free algebras, yield? Note that computing the
graded codimensions and Hilbert series of these relatively free algebras is a
simple technical question, since we provided linear bases of these algebras.

ACKNOWLEDGEMENT: We are grateful to Ivan Shestakov who pointed out to
us that the combinatorial computations in the last section in fact give another
description of the meson algebras. Thanks are due to the referee for valuable
suggestions that improved the exposition.
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